K-THEORETIC DUALITY FOR SHIFTS OF FINITE TYPE 
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Abstract. We will study the stable and unstable Ruelle algebras associated to a hyperbolic 
homeomorphism of a compact space. To do this, we will describe a notion of K-theoretic 
duality for C*-algebras which generalizes Spanier- Whitehead duality in topology. A criterion 
for checking that it holds is presented. As an application it is shown that the Ruelle algebras 
which are associated to subshifts of finite type, (and agree with Cuntz-Kricger algebras in 
this case) satisfy this criterion and hence are dual. 



1. Introduction 

This paper is part of a study of certain C*-algebras which can be associated to a hyperbohc 
homeomorphism of a compact space, {X,f). They are called the the stable and unstable 
Ruelle algebras, TZ^ and 7?.", and are higher dimensional generalizations of Cuntz-Krieger 
algebras. This means that if the dimension of X is zero, then 7?." = 0^t®/C and TZ'^ = Oa®K^- 
One of the basic results of the theory is a duality relation between TZ^ and TZ'^ . In the present 
paper we prove this explicitely in the zero dimensional case. Our reason for doing this is to 
bring out the use of Fock space to construct the K-theory class implementing the duality in 
the zero dimensional case. 

The notion of Spanier- Whitehead duality in topology has a very natural generalization to 
K-theory of C*-algebras. Briefly, it says that two algebras, A and 5, are dual if there are 
duality classes A G KK'^{A ® B, C) and 6 G KK^{C, B) which induce an isomorphism 

between the K-theory of A and the K-homology of B via Kasparov product. It is closely 
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related to the notion of Poincare duality used by Connes in his study of the standard model of 
particle physics, . We will describe it in more detail in Section 2. A useful result proved in 
the paper is a criterion, presented in Section 3, for deciding when one has a duality between 
two algebras. It is applicable when two duality classes such as A and 6 are given and one 
wants to show that they induce duality isomorphisms. Section 4 and Section 5 apply this 
criterion to the case of two algebras associated to a hyperbolic dynamical system. If A is an 
nxn aperiodic matrix then one can associate to it the subshift of finite type, (S^, cta)- There 
are two C*-algebras that can be constructed from this data-the Cuntz-Krieger algebras Oa 
and Oat- We show that these algebras are dual. In Section 6 we will discuss some further 
applications and make some concluding remarks. 

In a later paper we will establish duality for the stable and unstable Ruelle algebras 
associated to any hyperbolic homeomorphism of a compact space, (a Smale space). Ruelle 
algebras were introduced by the second author in |T^. They can be thought of as higher 
dimensional generalizations of Cuntz-Krieger algebras. They are constructed by defining two 
equivalence relations on the Smale space, stable and unstable equivalence. One takes the 
C*-algebras associated to them and then takes the crossed products by the automorphism 
induced by the homeomorphism. 

The stable and unstable equivalence classes in a Smale space behave very much like trans- 
verse foliations. Because of that, and the fact that the homeomorphism is contracting along 
the stable leaves, one obtains a duality in K-theory for the algebras. 

Cuntz-Krieger algebras are special cases of Ruelle algebras, so the duality established 
here would follow from the more general theory. However, there is an intriguing aspect 
to this which as yet has no analogue in the general case. Namely, the duality classes have 
representatives constructed using Fock space. These classes are obtained in a natural manner 
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following work of D. Evans, and D. Voiculescu, [|2J]. This provides potential connections 
with physics (c.f. [|I0|, 0, ^) and Voiculescu's work on free products which we hope to pursue 
in the future. We would like to thank Dan Voiculescu and Marius Dadarlat for very helpful 
conversations. 

It should be noted that the general duality theory for Smale spaces requires a different 
approach which is based on the notion of asymptotic morphism. The final version of the 
duality theorem uses these methods, [O . 



2. K-THEORETIC DUALITY FOR C*-ALGEBRAS 



In this paper we will be describing an example of some C*-algebras that are dual with 



respect to K-theory. This notion of duality has appeared several times in the past, |T^, |TT], |T8 
and recently was used by Connes [Q]. We present the definitions here and list some basic 
facts. More details can be found in [p^j . 

We will use the following conventions. Let S denote Co(M). Then KK^{A, B) will be, 
by definition, equal to KK{S ® A,B). For A and B separable, and A nuclear one has that 
KK^{A, B) = Ext{A, B). We establish some additional notation. If a is a permutation, and 
Ai, . . . An are algebras, then we will also use a to denote the isomorphism 

Ai® ■ ■ ■ 1^ An v4^(l) (g) ■ ■ ■ ® v4^(n)- 

If cr is a transposition interchanging i and j, we will write aij : KK*{- ■ ■ ^ Ai ^ ■ ■ ■ ^ Aj ^ 
■ ■ ■ ,B) KK*{- ■ ■ ^ Aj ^ ■ ■ ■ ^ Ai ^ ■ ■ ■ , B) for the homomorphism induced by a on 
the first variable of the Kasparov groups, and o"*-' for the corresponding map induced on 
the second variable. Let td: KK'{A,B) KK\A ® D,B® D) and : KK'{A,B) 
KK'{D ® A, D ® B) denote the standard maps, . 
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Also, we will have need of the following version of Bott periodicity. Let 

> IC{i^{N)) > T C{S') > (1) 

be the Toeplitz extension. We will denote it by T G KK^{C{S^),C) and its restriction to 
5 by To G KK{S ® 5, C). Let /3 G KK{C, S ^ S) he the Bott element. Then the following 
holds, (c.f. i) 

Theorem 2.1. One has (3 ®s®s ^ = Ic and Tq® (3 = Is^s, ■ 



We describe next the notion of duality we will be using. 

Definition 2.2. Let A and B he C* -algebras. Suppose that, forn = or 1, two classes, A G 
KK'^{A0 B,C) and S G KK"(C, A0 B) , are given. Define homomorphisms Aj: Ki(A) — >• 
K'^~^"'{B) and 6i: K^^"{B) —>■ Ki{A) in the following way. In n = 1 set 

Mx) = h®^^ = (2) 

(0^12(2;®^ A)) ifi = l 



and let 



If n = set 



and let 



^^^^ ^ . /3 (5 ®B y) ifi = 0, 



. x®A A = 0, 

(ri2[x®AA) if 1 = 1 



(^®s®s[5®By) = 



We say that A and B are dual if 

A, : K,{A) ^ K'+^{B) 
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and 

are inverse isomorphisms. Given A, if such an algebra B exists it is called a dual of A and 
it is denoted DA. 

In this generality a dual is not unique, so care must taken with the notation DA. We will 
only use it if a specific dual is in hand. However, it is easy to see that a dual is unique up 
to KK-equivalence. Indeed, a^'^{5') ®a A G KK{B\ B) and a^'^{5) ®a A' G KK{B, B') yield 
the required KK-equivalence. 

The form of the definition of the homomorphisms A* and 5^ is forced by our convention 
that KK^{A, B) = KK{A ^ S,B). It is an interesting point that when dealing with an 
odd type duality one must bring in some form of Bott periodicity explicitely. Either one 
can incorporate it into the definition of the homomorphisms as we have done, or one can 
modify the definitions of the K-theory groups. As the reader will see, our choice is the most 
convenient one for the proofs we are giving. Note also that we are working only in the odd 
case, (i.e. = 1), in this paper. 

For a specific algebra A it is not clear whether a dual, DA, exists. In general, the existence 
of DA with prescribed properties, such as separability, is a strong condition. If one can take 
DA equal to A then this agrees with what Connes has developed as Poincare duality in [H. 

If one requires only the existence of A and the fact that it yields an isomorphism in 
the definition above, then there is no guarantee that a class 6 exists to give the inverse 
isomorphism. If A was C{X), with X a finite complex, then the existence of 6 would follow 
from that of A. However, in general this need not hold. 



5 



The origin of this notion is in Spanier- Whitehead duahty in topology, [^. Recall that if 

X is a finite complex then there is a dual complex, DX, along with class A G Hm{X A DX) 

satisfying that \A : H^{X) Hrn-i{DX) is an isomorphism. The space DX is called 

the Spanier- Whitehead dual of X. It is unique up to stable homotopy. If M is a closed 

manifold of dimension n embedded in M"*, then DM can be taken to be (z/M)'*', the Thom 

space of the normal bundle of M. It is interesting to note that there is a relation between 

Spanier- Whitehead duality, the Thom isomorphism, 0, and Poincare duality 

Hn-i(M) < i7^+™-"((z/M)+) 

\A 

n[A/] <f> 

H\M) > H\M), 

where [M] = f/\A, U the Thom class. Of course, V{C{X)) = C{D{X)) for X a finite 

complex. 

If one works in the class A/" introduced by Rosenberg and Schochet in their study of the 
Universal Coefficient Theorem, the theory simplifies and there is a strong analogy with 
the commutative case. (However, in general, the restriction that the algebras lie in A/" is 
too strong. In several important examples this does not hold.) Recall that JV is defined 
to be the smallest class of separable, nuclear C*-algebras containing C and closed under 
forming extensions, direct limits, and KK-equivalence. The Universal Coefficient Theorem 
for KK-theory holds for KK{A, B) if B is separable and A G M . Let DA/" be the subclass of 
M consisting of algebras Ain M for which a dual TiA exists and is also in M . For algebras 
in DM the following facts are easy consequences of the properties of the Kasparov product 
and the Universal Coefficient Theorem. 

i) If A is dual to 5, then B is dual to A. 

ii) If A G T)M, then 1){T)A) is KK-equivalent to A. 

iii) If y4 G A/", then A G DA/" if and only if K^,{A) is finitely generated. 



6 



iv) Let E,D eM ajid Ae DM. Then 

A, : KK*{E, D®A)^ KK*+''{E ® DA, D) 

and 

5^ : KK*{E ® DA, D) KK*+''{E, D ® A) 

are inverse isomorphisms. 

v) If A has a dual, and A' is KK-equivalent to A, then A' has a dual which is KK-equivalent 
to the dual of A. 



For details and further development, see Ijl^. It is not apparent if an algebra has a dual 



or not. Indeed, the main goal of this paper is to exhibit an example of a class of algebras 
with specific types of duals which have a geometric and dynamical origin. However, one can 
start to build up a class of algebras which have duals in an elementary way. For example, 
if X is a finite complex, then DX exists. \i A E M and K^{A) is finitely generated, then A 
is KK-equivalent to C{X) where X is a finite complex, and hence A has a dual. Moreover, 
Connes has shown that Ae is self-dual for 9 irrational. 

The largest subclass of M for which D is involutive modulo KK-equivalence is DM . This 
can be compared with a result of M. Boardman, |^ , which states that the largest category on 
which Spanier- Whitehead duality is involutive is the homotopy category of finite complexes. 
Thus, DM has a formal similarity with the homotopy category of finite complexes. This itself 
does not clarify the issue of which C*-algebras should play the role of non-commutative finite 



complexes, but it is suggestive. This will be discussed further in [14 



One may view duality as being of even or odd type depending on whether A belongs to 
KK'^{A ® DA, C) for n even or odd. We will discuss the odd type of duality here. However, 
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in connections to the Novikov Conjecture, |T^, and physics, 0], the even type naturally 
appears. 



3. Criterion for duality classes 



In this section we will present a technical result. Proposition 3^, which gives a criterion 
for when two classes A and 6 yield duality isomorphisms. This is essentially the same as 
the condition given by Connes, p. 588], except that our duality is in the odd case and 
this requires adjusting the arguments for Bott periodicity. This technicality is actually what 
allows us to obtain the duality isomorphisms in the case of shifts of finite type. 

Thus, we shall give useable conditions under which A^,o5^ = 1 and (5*oA=, = 1. This breaks 
into two parts. The first is an uncoupling step and the second is a type of cancellation. In 
the following sections we apply this to the case of Cuntz-Krieger algebras. 

We will first prove in detail that SqAq = Iko(a)- "^^^ statement, SiAi = 1e'i{a)5 follows 
in a similar manner. We then sketch the proof that Aq^o = ^Ko{b)- To start with we will 
perform the uncoupling step. Let x G Ko{A) = KK{C, A). Then we have 

(5oAo(x) = p 0505 (5 Ob (x 0a A)). 

Consider, first, the factor {S ®b (x ®a A.)). We have 

(5 ®B (x ®A A)) = Ts{6) ® iT\srBix) ® r^(A)) 
= {Ts{6)0{r\srB{x))0r''{A). 

Now, a direct computation yields that 

{ts{5) ® (r^sTBix)) r^(A) = (rsr^ix) ai20-=^V^r'5(5)) t^(A) 

= rsr^ix) iaua^'T\^{5)) r^(A)). 
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Putting (3 back into the product and simplifying, one obtains 

/5 ®s®s ®A {5 ®B A)) =X®a{P ®s®s {5 ®B A)). 
This accomphshes the uncouphng. 

Proposition 3.1. One has 5qAq{x) = x ®a {(3 ®s®s ®b A)). 
What one would hope is that 



Indeed, if 5 ®b A = ta{Tq), then I3s(^st^{%) = by Bott periodicity. However, this need 
not be the case. This is because 5 and A behave like K-theory fundamental classes and may 
differ by a unit from ones which would yield (^. There is a way to compensate for this 
which we address next. 

Proposition 3.2. Suppose that there are automorphisms B^: A®S — > A®S andOs'- B® 
S ^ B ® S such that 



P ®5®5 (5 ®B A) = 1^ G KK{A, A) 



(6) 



thus yielding 



(5oAo(x) = X. 



(0^),: Ki{A®S)^K,iA®S) 



are the identity map, for 2 = 0,1 



and, further. 



CTuiS ®B Cri2(A)) = Qa T 




(7) 



(JuiS ®A (Xi2(A)) = Qb ®b^s r^{%) 
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Then 
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is the identity for 2 = 0,1 



Proof. We will give the proof for 6qAo, the other case being similar. Condition (|^) states 
that 

cri2TsTAi6) (g) (r^((7i2(A))) = {Q a) {%) . 

Thus, one has 

/? ®s^s {S ®B (^i2(A))) = T^iP) ® rsi&A) ® r^(To). 

Now, 

r^(/5)®r5(e^) = (e^)*(r^(/3)) 
= r^iP), 

so we obtain 

/3 ®5®5 {S ®B ai2(A) = r^(/3) ® r^(To) 

= U, 

which yields the desired result. □ 
For the composition A^,Sj, we have a similar result. 



Proposition 3.3. Under the hypothesis of Proposition p^ , we have that 

AA: K'^\B) ^ K'+\B) (9) 

is the identity for i = 0, 1. 

Proof. The proof is obtained from the previous one by making obvious changes. □ 

The other cases follow in the same way. Thus, showing that one has a duality between 
algebras reduces to constructing the maps G^i and 9^ satisfying the conditions above. In 
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the next two sections we will do this for the case of the stable and unstable Ruelle algebras 
associated to a subshift of finite type. 



4. Construction of duality classes for shifts of finite type 



In this section we will construct the classes in KK-theory needed to exhibit the duality 
between Oa ® and O^r ® /C. Let A be an x n matrix with entries which are all zero 
or one. We assume that A has no row or column consisting entirely of zeros and that the 
associated shift space is a Cantor set. 

The Cuntz-Krieger algebra, Oa-, is the universal C*-algebra generated by partial isometrics 
si, . . . , s„ satisfying 

i) the projections SiS*, . . . , are pairwise orthogonal and add up to the identity of Oa, 

ii) for A; = 1, . . . , n one has 



The condition above, that the shift space be a Cantor set, guarantees that the algebra 




(10) 



described does not depend on the choice of the partial isometrics, 0. If Aij = 1 for all 



then the algebra Oa is denoted O 



In a similar manner we consider Oat, with generators ti, . . . ,tn satisfying 




(11) 



for /c = 1, . . . , n. 



Our aim in this section is to explicitely construct the elements 



6 e KK\C,0a®0at) 
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and 

A G KK\Oa0Oat,C) 
which are needed to show that Oa and Oat are duaL 



The construction of 6 is the easier of the two, (c.f. 0). Let 

n 

'^s* 0ti e Oa^Oat. (12) 



n 

W = 

i=l 

Then one has 



W W = WW 

We let w: C{S'^) ^Oa® Oat denote both the ( non-unital) map defined by 

w{z) = w (13) 
as well as its restriction to Co(]R) C C{S^). 

Definition 4.1. Let 6 G KK^{C,Oa ® Oat) be the element determined by the homomor- 
phism w. 

The element A is constructed using the full Fock space of a finite dimensional Hilbert 



space. (For related constructions see the papers of D. Evans and D. Voiculescu, [|24 



Let Ti. denote an n-dimensional Hilbert space with orthonormal basis Let 
Ti^™ = 7i ■ ■ ■ ® 7i be the m-fold tensor product of H and let Hq be a one dimensional 
Hilbert space with unit vector Q. Then the full Fock space of Ti, JF, is defined to be 

oo 

^ = 7^0 0(0^^") 

n=l 

There is a natural orthonormal basis for JF, 

® ■ ■ -^^ijm = 1,2,..., l<ij <n}. 
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Define the left and right creation operators, Li, . . . ,Ln and Ri, . . . , Rn, on by 

= = Rk^ 

and 

Lki^i, «)•••«) ^ij ^^k^^n^---®^im (14) 

Rk{^^, ® ■ ■ ■ ® 6™) = 61 ® • • • ® 6™ ® (15) 

Next, we bring in the matrix A. Let J^a Q T denote the closed hnear span of the vectors Q 
and those ^i^® ■ ■ ■ ® satisfying the condition that ^i^.j^+i = 1 for all j = 1, . . . , m — 1. 
Let Pa denote the orthogonal projection of T onto Ta- Let 

= PALkPA e B{Ta) 
Rt = PaRuPa e B{Ta) 

for A; = 1, . . . , n. 

It is easily checked that one has the following formulas. 









Rtin 






{Linn ® • • • 






iRt)%. ® • • • 







Prom this one easily obtains the following result. 

Proposition 4.2. The operators Rf and are partial isometries and satisfy 

^) iLtrLt = Z.A,,Lt{Lfr + Pn 
n) (RirRt-ZiA^kRHRtr + Pn 

iii) [LtRf]^0 

iv) [{Lir,Rf] = 6kiPn 
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We are now able to construct the element A. Let £ C E{Ta) be the C*-algebra generated 
by {Ri, . . . , -R^, L^, . . . , L^}- By Proposition ^]2|the operator Pj^, which is compact, is in £. 



It is easy to check that there is no non-trivial £^-invariant subspace of JF4. Thus, £ contains 
the compact operators, 1C{J-'a)- 

Modulo the ideal JC{J-'a) the elements L^, . . . and R^, . . . , R^ satisfy the relations for 
Oa and Oat respectively. Moreover, the Lf^s and the Rf^s commute modulo IC{J-'a)- It 
follows that the C*-algebra £/IC{J^a) is a quotient of Oa^Oat- In fact they are isomorphic. 
This follows since both Oa and Oat are nuclear and the ideal structure of their tensor 
product may be completely described in terms of the ideals of Oa and Oat. These, in turn, 
have been completely described in . It is then straightforward to verify that the generators 
of the ideals of Oa ® Oat give rise to non-compact operators (via the and R^) and thus 
£/}C{J^a) = 0a®0at. 

Definition 4.3. Let A G KK^{Oa ® Oat, C) be the class determined by the exact sequence 
> 1C{J^a) ^ £ ^Oa® Oat 0. (16) 

Note that one has 

TiA{Rt) = 1 ® ifc 

and 

nA{L^) = Sfc ® 1. 

5. Duality for Cuntz-Krieger algebras 

In this section we will show that the duality classes constructed in the previous section 
actually implement a duality isomorphism for the algebras Oa and O^t. According to 
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Proposition p.2| , it will be sufficient to construct homomorphisms 

Qoa- Oa(»S ^Oa®S (17) 

©o^T : Oat0S ^Oat0S (18) 
which satisfy the conditions stated there. That is, we must show that Qqa ^"^^ ®o^t induce 



the identity homomorphism on K-theory and satisfy the second condition in Proposition 
which states 

(TuiS ®o^T t^i2(A)) = Qoa ®Oa®s t^^{To) 
^12(5 ®Oa (^i2(A)) = Qo^T ®o^T<g>s r°^^{%) 
We will work out the details only for Qqai ^^e other case being similar. 

To define Qqa '^^ ^^^t set 

0: Oa®C{S^) ^Oa®C{S^) 

by 

6(1 O z) = 1(g) z 
Q{si ® 1) = Si® z. 

Then extends to an automorphism of Oa ® C{S^), as follows from the universal property 
of Oa- The diagram 

Oa®C{S^) OA^CiS^) 



I04 ®7r 



Oa Oa 
commutes, where vr: C{S^) ^ C is defined by ttiIz) = 1. It follows that we may define 

Qoa = ©I ker(lo^ (g> tt). It is an automorphism of Oa ® S. We now must show that Qqa 

satisfies the necessary conditions. 

Theorem 5.1. The maps 

Qoa. - K^{Oa®S) K,{Oa®S) 
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are the identity for i = 0, 1 
Proof. Recall that 

where Fa is a stable AF-algebra with automorphism a a- In this situation, Oa is actually 
a full corner in Oa and compressing Fa to this corner yields Fa C Oa which is the closure 
of the "balanced words" in the Sj's as described in ||5|. Observe that the restriction of to 
Fa®C{S^) is the identity. We will apply the Pimsner-Voiculescu exact sequence to compute 
K^{Oa ® S), making necessary modifications since Fa is not unital and then study Qqa*- 

Let B denote the multiplier algebra of Fa ^ S ® IC where /C = /C(/^(N)). Let Cij denote 
the standard matrix units in JC. Define p: Fa® S ^ B hj 

p{a (g) 6) = ^ (^\{ci) ® f 

where the sum is taken in the strict topology. Let S denote the unilateral shift on £^(N). Let 
D denote the C*-algebra generated by F4 ® 5 ® /C, 1 ® 1 (g) 5* and {p{a ® f)\f e S,a e Fa}- 
Let Dq be the ideal in D generated hj Fa® S ® IC and {p(a (8 /)|/ G 5, a G Fa}- There is 
an exact sequence 

^ F4 ® 5 ® /C ^ L'o ^ 5 ® (F4 >^ Z) 0. 
Moreover, the two maps 

]■- Fa®S ^ Fa®S®1C 
defined by j(a (g) /) = a® f ® Cu and 

p: Fa®S 
both induce isomorphisms on K-theory. 
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Finally, we have 

Ko{Fa®S)^Ki{Fa) = (19) 

since Fa is an AF-algebra. Putting this together, we obtain the Pimsner-Voiculescu sequence 
for the 0^'s: 

^ Ki{Oa ® 5) ^ Ki{Fa ® 5) K^{Fa ® 5) ^ Ko{Oa ® S) ^ 

We define an automorphism of by 

e = ad{Y^ I0z'® en) (20) 

where, again, the sum is in the strict topology. Notice that Q o p = p and 6|(-F4 ® 5 /C) 
is approximately inner and hence trivial on K-theory. Also observe that Q\{Fa ® 5 ® /C) = 
Fa^S ^IC and that the automorphism of the quotient of Dq hj Fa^ S ® IC induced by O is 
precisely Qqa^ after identifying this quotient with Oa^<S and restricting to Oa^S C Oa<Si<S. 
We have a commutative diagram 

> K^{Oa®S) > Ki{Fa®S) > Ki{Fa®S) > Ki{Oa®S) > 



> Kq{Oa®S) > Ki{Fa®S) > Ki{Fa®S) > Ki{Oa®S) > 

From the observations above, we have both maps 0=,, = id, and it follows that Oo^* is the 
identity. □ 

It remains for us to verify that condition (|^) is satisfied. To that end we observe first that 

^12(5 ®O^T ^12(A)) = 60^ ®Oa(^S t°^{%) 

is equivalent to 

r5((eoJ-')®ai2r5ro^(5)®r«^(ai2(A)) =r«^(To). (21) 
Thus, we will prove the latter statement. 
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Now, r'^'^(cri2(A)) G KK^{Pa ® Oat ® Oa, Oa) was obtained from the extension 

Q-^K,®Oa-^£® Oa ^ Oa ® Oat ® Oa ->0. 

Moreover, the remaining term 

actually yields a *-homomorphism from Oa ® S ® S to Oa ® Oat ® Oa ® S. Thus, the left 
side of (^) is represented by applying Tg to the element represented by the top row of the 
following diagram 

> 1C®0a > £' > Oa®S ^ 

> 1C®0a > £" > Oa ® C{S^) > 

a 

> IC^Oa > £®0a ^ Oa ® O^t ® Oa > 

where a = (Oo^)""^ ® ro^(5) = ao [Iq^ (g) i), and a ® I5 = r5((0o^)"-^) ® 0-12X5x0^(5). 

The crucial step is to untwist the middle row by finding an isomorphism £" = T ® Oa so 
that the following diagram commutes 

> K:®Oa > £" > Oa ® C{S^) > 

= = cri2 

> 1C®0a ^ T®Oa > C{S^)®Oa ^ 0, 

where T is the Toeplitz extension. 

Assuming this, the proof can be completed as follows. We have 

ro,(r) = ai2a*(r«-(ai2(A))). 

18 



Hence, one has 



ro.(ro) = (i®loj*(r°-(r)) 

= (z®loJVi2a*(T^^(ai2(A))) 

= <Jl2(lo.®^)*«*(T°"(<7l2(A))) 

-ai2a*(r°-^(ai2(A))). 
Thus, substituting in for a, we obtain 

ToA%) = rsHQoA)-') ® ^i2Tsr''m ® t°"(^i2(A)), 
which is the desired formula. 

We now turn to the issue of obtaining the exphcit isomorphism between £" and T ® Oa- 
For convenience, we will suppress the A in our notation from the elements such as Ri^, and 
Li^. Define in £ O by 

n 

1=1 

We will need two technical lemmas. 
Lemma 5.2. One has 

i) TT® lo^(VF) = a{l®z). 

ii) W*W = AjiRjRj* ^ SiSi* + Pa^l. 
in) [W*,W] = Pn®l. 

tv) (Pq ® 1)W = 0. 

v) [W^, Lfe (8) 1] = /or A; = 1, . . . , n. 

vi) [W*, Lfe (g) 1] = (g) Sfe /or /c = 1, . . . , n. 
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Proof. For (H), one proceeds as follows. Note first that 

i 

= ^ 1 ® ® S*. 

i 

Moreover, 

(tt ® lo,){W) = (tt ® loJ($^i?. ® s*) 

i 

= J2 ^Ri) ® Si 

i 
i 

The remaining parts of lemma can be verified in a routine manner. □ 

The remaining facts we need are incorporated into the following. 

Lemma 5.3. Let Vk = W*{Lk (S> 1), for k = 1 . . .n. Then we have, for each k, 
i) TT^lo^iVk) = a{sk^l), 

iv) [W,Vk]=Q, 

v) [W^*,\4] =0. 
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Proof. As in the previous lemma, we will verify (|5.3|) and leave the remaining parts of the 
proof to the reader, since they are essentially routine. For |5.3|, we check 



(tt ® lo^)iVk) = (vr ® lo^){W*)i7r lo^)(^fc ® 1) 
= a(l O z){sk ® 1 ® 1), 



and 



® 1) = a^^loA ® ® 1) 

= (T^^(lo^®ti;)(sfc® lOl) 
= a{l (g) z)(sfc ® 1 (g) 1). 



□ 



Now we may define the isomorphism from T (g Oa to S". Let S* denote the unilateral 
shift. The required map is defined by sending 5* Cg) 1 to W, and 1 (g Sk to V^. Note that 
the unit of T Oa is mapped to W*W in The fact that this assignment extends to 
a *-homomorphism follows from the universal properties of T and Oa- The fact that it is 
onto follows from observing that S" is generated hj {W,Vi, . . . ,Vk} which is straightforward. 



Finally, the fact that the appropriate diagram commutes follows from 5.3 and p 



6. Final comments 



1. As mentioned earlier, the duality theorem holds for the stable and unstable Ruelle 



algebras associated to a Smale space, |T3|. However, the duality classes, A and S, 



must be constructed in a different way. This is done using asymptotic morphisms and 
uses the fact that locally the Smale space decomposes into a product of expanding and 
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contracting sets. It would be very interesting to have a Fock space construction of the 
more general classes as well. 
2. The duality result for Cuntz-Krieger algebras sheds some light on the computations of 
the K-theory of Oas as in 0. Recall that if A is an n x n aperiodic matrix of O's and 
I's , then there are canonica/ isomorphisms 

Kq{Oa) = Z"/(l - A^)Z'' 

K^{OA) = ^keT{l-A'^) 

K%Oa) = ker(l - A) 

K\Oa) = Z'7(l - A)Z". 

Note that Z"/ {1—A)Z" = Z"/ (1— y4-^)Z" by the structure theorem for finitely generated 
abelian groups, but the isomorphism is not natural. The explanation for why one has 
in the formulas now comes from duality, since one has the diagram 

Ko{Oa) K\Oat) 



Z"7(l - A^)Z" Z"/(l - A^)Z'^. 
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